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A Model Problem

e (@) {YEO Iy
v —f y =
V-AVop+yp=f In Q y=v,>0

¢=g on FD fELz(Q)
n-AV¢o=h on I'
N A e Rdxd s é‘&‘z < gTAg < a‘E‘Z

Viu+yp=f S | |
AusVH=0 Equivalent first-order system I'p

Domains of grad, curl and div

HD(Q,grad)=Hll)(Q)={cpEL2(Q) IVpe}(Q) & @=0 on FD} LZ(Q)={(p|f(p2dQ<OO}

Hy(Qeurl)={vEL}(Q)IVxvEL(Q) & nxv=0 on T,}

H,(Qdiv)={vEL(Q)IVevEL(Q) & nev=0 on T} L2(9)={V'£‘V‘2d9<°°}
Range of grad

H,(Q.curl) = {v EL(Q)Iv=Ve for gE HD(Q,grad)} C H,(Q.curl)
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A Least-Squares Principle (LSP)

Artificial “energy” VORI i) - (9 wrro- 7 +|A 2w AV -0
principle Aa+Vep=0  J(ug:f) 2(” u+yp—fl,+[A™ @ ¢)H0)
Optimization problem min J(vif)

VEH , (Qdiv)ypEH(RQ)

(V-u+y9.V- v)+ (A Pu+ A"’V,A"?v) =(f.V-v) VveEH,(Qdiv)

Optimality system 1
(fﬂ”#) VWEHD(Q)

(V- u+yg,yyp)+ (A'”zu + Al/2V¢,A1/2VI/J)

To use least squares: Not to use least squares:

© Using C° elements ® Conservation
© No inf-sup condition Top 3 reasons ® Conservation

© Solving SPD systems ® Conservation

We will show that:

> Using C? elements is not necessarily the best choice in LSFEM, and so it is
arguably the least-important advantage attributed to least-squares methods

> By using other elements least-squares acquire additional conservation properties

o> Surprisingly, this kind of least-squares turns out to be related to mixed methods
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Least-Squares Theory

Artifictal “eneray” i, 0) - L (jv- eyl + o (s avf) Al Ca) I

norm
Norm equivalence C,(ull, + oy ) < Cap) P = ol + ]
Bilinear form Ops(wgsvap) = (V- u+yp.V- v+ yy) + (A" "u+ AV, A" Py + APVyp)

Inner-product

PV ) =\WLPLLY, d LS’;,=|”,”|2
equivalence Os(wv.pp) = (wo)(vy)) and Q(upsug) =lll (u,g)

C1(||“ z,«v + ||¢||12 ) <0 (“,¢;ll,¢) — coercivity

Stability s s
oo *10) (VG + el

continuity —  Q5(W¢;v.y) sC2(||u
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C? Conformity = Stability

Because coercivity is inherited on any proper subspace, the inclusions
V,CH(Qdiv) & S,CH'(Q) (hold for C°elements!)

are sufficient for stability of LSFEM and quasi-optimal energy norm error estimates

Least-squares FEM QLs(uh’(ph;Vhﬂ/}h) = (f,V "Vt th) V(Vh?wh) €V, xS§,

o -all

=C 1nf Hu v,
div ( EV S

H‘/’ - ¢hH1 + H“ —-u,
Error estimates
¢ -, < ChH¢ - ¢,

Example Using C° (nodal) P2 elements for both the flux and the pressure yields
6= ], +u-w, ], = cn(ful, + 1ol

l¢ -4, < Chg)),

This has led to the misconception that in least-squares methods all variables
“can” and should be approximated by the same, equal order C° spaces”
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C?% Conformity % Optimal L? Accuracy

Unfortunately...

V, CH(Qdiv) & S,CH'(Q) is insufficient for optimal L2 convergence of v,/

LS vs scalar vector

BA L2 H! L2 H(div)
P1 2.00 1.00 1.38 0.99
BA 2.00 1.00 2.00 1.00
P2 3.00 2.00 2.02 2.00
BA 3.00 2.00 3.00 2.00

Optimal convergence of v, in L? has been achieved in 2 ways
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1) By using an augmented LS principle

Idea u+Vegp=0 = Vxu=0
V9= S xu=0in @ ¢-0onTyun=0onT
Augmented PDE "+ AV =0 xu=0m€; ¢=0onl,;un=0onl,
1
Functional Sugif) =3 (1w g - 15+ A7+ AV, £Vl
Norm equivalence Gl + ) = .o = €+ o]}

(under some restrictions)

Ju—w, ], + 6= 6, = Ch(ful, + o)

Error estimate (P2/Q2
(P2ia2) o, 15— 4], = ol + ol

Drawbacks

> For some regions H” may have infinite co-dimension in H(curl) NH(div) (Costabel).
> A FEM subspace of H(curl)H(div) is necessarily a subspace of H'.
= FEM will not converge to solutions that are not in H'.
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Or, 2) by using a special grid

The Grid Decomposition Property (GDP) Fix, Gunzburger, Nicolaides, 1976
(v, =w, +12,
<
V-z,=0
Vv,eVv,
(W,.z,)=0
<
HW}’HO = C(HV - Vh”‘l ¥ hHV . VhHO) The (only known) C?example
Theorem

GDP is necessary and sufficient for stable and optimally accurate mixed
discretization of the Least-Squares Principle (and the Mixed Method)

Fix, Gunzburger, Nicolaides, Comp. Math with Appl. 5, pp.87-98, 1979

ju-u,

. — < Ch'
Using the criss-cross grid » an * @ =l (H“Hz * Hd)”z)

and S,=V* V, : uw,f, + 6], = Cr>(jul, + o],
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The Mixed Galerkin Connection

Lemma (Bochev, Gunzburger, SINUM 2005)

(V,.S,) satisfies the inf-sup condition = V, verifies GDP

There are plenty of spaces that verify GDP
Except that they are not C° (nodal)!

BDM(k) spaces k=1 RT(k) spaces k=0

H l
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Mimetic Least-Squares

Using nodal C° elements for all variables is not the best choice!

Instead, pose the discrete LSP Elr)glipne(;hf (Vh WS ) on this pair of spaces:

D" C H,(Qdiv) — any with GDP
G" CH,(RQ) — any thatis C°

Theorem. For proof see Bochev, Gunzburger, SIAM J. NUM. ANAL. 2005

For ¢,€ P,and u, € BDM,: For ¢,€ P,and u, €RRT,:
o=l + fu-wll, = 0(n") | lp- ol + o -w, = O#*)
6=l +lo-will,, =0(0") | o=l +u-w],, =0(n")

Velocity and pressure spaces need not form a stable mixed pair!
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Mimetic LS = Ritz Galerkin + Mixed Galerkin

Besides optimal accuracy, the Mimetic LS acquires valuable new properties:

Theorem Bochev, Gunzburger, Least-squares finite element methods, Springer, 2009

Assume that (th,uh) solves the minimization problem

e K )« (A o s

if v>0, (¢h,llh) is conservative in the sense that there exists W" € C"; v" € 0" such that

0 (WZW”) € G"xC" solves the Ritz-Galerkin method and Vo' +w' =0

& (wh,uh) €Q"xD" solves the Mixed Galerkin method and V- -u" +yy" =11"f

In other words, if 0" order term is present, the mimetic least-squares method computes

The same pressure approximation as in the Ritz-Galerkin method
The same flux approximation as in the Mixed Galerkin method

Sandia
ﬂ" National

Laboratories




——— SAND2010-4574C
Computational proof (y=1)
= —eXp X Ssin
Example & P 4 V-u=0 Q
u=-Vp
grid 16 32 64 128
error
L Mimetic LS| 0.1514803E+00 0.7192623E-01 0.3523105E-01 0.1745720E-01
" | Mixed 0.1514803E+00 0.7192623E-01 0.3523105E-01 0.1745720E-01
H(dliv) Mimetic LS 0.2869324E+01 0.1397179E+01 0.6894290E+00 0.3426716E+00
v
Mixed 0.2869324E+01 0.1397179E+01 0.6894290E+00 0.3426716E+00

Flux: L2 and H(div) errors of Mimetic LS and Mixed Galerkin identical
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What happens with conservation when y=07?

When y>0, LS is exactly conservative — yy, =II,f -V-q,

When y=0, LS is almost conservative — 0=II,f-V-q,
A simple flux-correction procedure restores exact conservation
V-q, =0

Vg, l=-®,+D,+0, - D, = P(K)

AD =D(K)/4
D=0 +ADd PO, =D, -AD
D, =P, -AD D, =D, + AD
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Pon y &
Flux Correction Does not Ruin Accuracy

“a'le

Mixed Least-Squares Hixed L2: element £lux
: Uniform grid
25
20| H
- 30x30 :
" e L2 H(div)
Q{semEsanmEEas MLS 0.2145816E-01 0.1235067E-03
5 a \. " O ~
T +FC 0.2145813E-01 0.4612541E-14
0 00 |HEREEN)
-dx‘ 107" -2:‘ 10" o 2% .10" dx .10" * s 10 18 b %
Elament £lux
Hixed Least-ESquares: post-prodessed Hixed LE: post -processed element £lux
500 L2 H(le)
MLS 0.2342838E-01 0.1668777E-03
+FC 0.2342836E-01 0.5281635E-14
200
100
o Random grid

o 52 107 % 1.5: 1067 % 22 107%

1x 107
Element flux
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[

® ., . & ] ] ]
" Flux Corrected Mimetic LS vs. Mixed
Galerkin
'H-i-xed !-e==t-8q\'l==e== Poﬁ-Pto?eﬂed i Hixed LE: post -provessed element £lux

Uniform grid

200 Mixed 0.2145805E-01 0.1446273E-13
100 MLS+FC 0.2145813E-01 0.4612541E-14

0
o 52 107 % b 10 22 107%

Hixed Galerkin Hixed Galerkin: element £lux

N | -

u = m
awo 1 AEEE ' Mixed 0.2352581E-01 0.6658244E-14
200 1 MLS+FC  0.2342836E-01 0.5281635E-14
200 »
100

» : : : : : | R i ' Random grid

o 52 107 % 12 107 1.5: 1067 % 22 107% 2.5x 107F
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The 5 Spot Problem

From: T. Hughes, A. Masud and J. Wan, A stabilized mixed DG method for Darcy flow

Sink -1/4

3/(8h)

Source +1/4

> Problem is driven by a Neumann boundary condition (normal flux)
> Source/Sink is approximated by an equivalent distribution of the normal flux
> Implicit Euler discretization in time

> Grid has 625 uniform quad elements fh Nooca

Laboratories
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/
2

No Source Term

25x25 Undform Elements 25x25 Undiform Elements
25 25
20 20
15 15
10 10
S S
25
S 10 15 20 25 S 10 15 20 25
timetic LS Pressure dt=0.01, nt=100 Q1-01 LS Pressure dt=0.01, nt=100
mimetic nodal
25x25 Uniform Elements 25x25 Undform Elements
w-velocity v-velocity w-velocity v-velocity

25

u-velocity

v-velocity u-velocity v-velocity

25 25 ——.—.—.—._]
20 20
15 15
10 10
S S
S 10 15 20 25 S 10 15 20 25 S 10 15 20 25 S 10 15 20 25
timetic LS Velocity. dt=0.01, nt=100 Q1-01 LS Velocity dt=0.01, nt=100
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Oscillatory Source

25x25 Uniform Elements

SAND2010-4574C

25x25 Uniform Elements

25

20

15

10

u-velocity

25

u-velocity

v-velocity u-velocity

mimetic 25

v-velocity

u-velocity

25

e

25 S 10 15 20 25 S 10 15 20

25

v-velocity

v-velocity

25
20
15
10
S 10 15 20 25

timetic LS Telocity. dt=0.01, nt=100

f =ncos(n(n-1)x)cos(n(n-1)y) = % %‘Pn,b

1

27N

added perturbation = <0.002

...

Q1-01 LS Velocity dt=0.01, nt=100
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Mimetic LS
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Vector Field Comparison

25x25 Uniform Elements

0

0.2 0.4 0.6 0.8
timetic LS Vector Field. dt=0.01, nt=100
25x25 Uniform Elements

0.2 0.4 0.6 0.8
timetic LS Vector Field. dt=0.01, nt=100

Source ¢
OFF .,

Source
ON ..

25x25 Undform Elements

0 0.2 0.4 0.6 0.8 1
Q1-01 LS Velocity Field. dt=0.01, nt=100

25x%25 Undform Elements
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The 5 Strip Problem

From: T. Hughes, A. Masud and J. Wan, A stabilized mixed DG method for Darcy flow

) >
5
R Exact solution
I 4"
¢p=1-x;
31_ K
mr . u=(0’) in strip i
2]
4 »
K=+l g

> Problem is driven by Neumann boundary condition (normal flux)
o> Implicit Euler discretization in time
> Grid has 400 uniform elements aligned with the interfaces between the strips
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Mimetic vs. Nodal Least Squares

S Strip Problem

S 10 15 20

S Strip Problem

tiimetic LS Pressure

S Strip problem

At=0.01

w-velocity

15
10 20

15

s
0
10
s
10 5
15
20

u-velocity

20
17.5
15
12.5
10
7.5
S

2.5

2.5 5 7.5 1012.51517.520

v-velocity

1
0

r-velocity

20
17.5
15
12.5
10
7.5
S
2.5

2.5 5 7.5 1012.51517.5 20

s 20
0
-0.5 15
10
5
10 £
15
20

Nodal LS Pressure

S Strip problem

timetic LS Telocity

Method
Mimetic LS

L2 Flux
0.1670E-08

u-velocity

20

u-velocity

v-velocity

15
20

v-velocity

H(div) Flux
0.9839E-13

Nodal LS Telocity

L2 Scalar

0.4553E-11

H1 Scalar
0.3041E-13

Nodal LS

0.1759E+01

0.7470E+02

0.8926E-02

0.1425E+00
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~ Nodal LS at Different Time Steps

S Strip problem S Strip problem

Nodal LS Telocity Nodal LS Telocity

Nodal LS Solution worsens when At is reduced

Method L2 Flux H(div) Flux L2 Scalar H1 Scalar
At=1.0 0.1925E+01 0.7206E+02 0.8892E-02 0.1423E+00

At=0.01 0.1759E+01 0.7470E+02 0.8926E-02 0.1425E+00

e
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Conclusions

Mimetic Least-Squares (MLS) offers important advantages:

v discrete spaces not subject to a joint inf-sup: can be selected independently!
v MLS inherit the best computational properties of Galerkin and Mixed methods:

Galerkin — Optimal accuracy in the pressure variable
Mixed — Optimal accuracy in the flux variable

v' MLS are locally conservative

v" MLS lead to symmetric and positive definite algebraic systems

Mimetic least-squares are an (attractive) alternative to
mixed and finite volume schemes

But there’s more!
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Bonus: Least-Squares for Mesh-Tying

Transmission problem

Fz

(V-u, +y¢,=f inQ

A7'w;+Vg, =0 inQ, ¢ = ¢,

5 + on o

¢, =0 onlI, n-u =n, u,
n-u, =0 onl,

rl
Discrete version Approximation of curved interfaces leads to non-

matching discrete interfaces and many problems:
o> traditional mortars not appropriate: duplicate interface

o> typically project values to one of the interfaces
(master-slave)

> issues with counting physical energy in gaps/voids

> at best passes linear patch test (recovers linear
pressure)

> Non-matching interfaces remain a tough challenge for
most traditional methods



e SAND2010-4574C
Least-Squares Offer a Surprisingly Simple

and Effective Solution

The reason:

LS are based on minimization of artificial residual energy, not physical energy

o> Minimization of residual energy allows to measure energy redundantly

o All that is needed is elimination of the void regions to create sufficient overlap:
— Can be done by interface perturbation or by simply extending the domains

residual energy coupling term

1
mlﬂgE(HV% TV 59 +[Vevi- fHég ) + KH‘Pl - ¢2H12,z +[vi-v,
i

AN J '
'

2
div.2
J

Advantages
v Provably stable (coercive formulation)
v Provable optimal convergence rate
v Can pass an arbitrary order patch test
v'"No mesh-dependant tunable parameters
v" No complications for floating domains

v Does not require extensive mesh intersections
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Proof Of Concept: Doughnut & Circular Cut

Unstructured triangles

v’ theoretical rates achieved / <

on both subdomains y N
0th SUbal /PP SN )

v’ no ringing at interface /) TVRANT NN <
nodes //@dgﬁ%@(ﬁ%@&\ , /

v no complication from the //él' /ﬂg}‘"“ VN\\ f ///
floating domain! ‘

. HiQ) o)
1 o Hle) | 1.4~
< HiQ)
o Hpuly) i f 1.2+

0.8~

0.4

0.2

N o
),

o' 10°

10° 1 <
Element diameter T —_ -
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